PAPER-FOLDING CONSTRUCTIONS

Most of the constructions of Euclidean Geometry can be done by folding
paper. Ordinary kitchen waxed paper is excellent for this because it
is possible to see lines through it. The following is a list of
constructions you should try. They are listed in order of increasing

difficulty.

1. Mark two points on your paper. Label them points P and Q. Construct
a line through P and Q.

2. Construct a line perpendicular to your line TTL

3. On another sheet of paper, fold a line m. Construct a perpendicular
to line m through a point P on line m. (Select point P before
making the perpendicular, of course.)
4. Select a point Q not on line m. Construct a perpendicular to line
m through point Q.

5. On another sheet of paper, fold a line. Construct a perpendicular
bisector to line segment PQ on that line. (Of course, select points
P and thrior to constructing the bisector.)

6. On another sheet of paper, fold a line. Now construct a line which

is parallel to that line.

7. Select a point P not on either of the two parallel lines. Construct

a third parallel line that passes through point P.
8. On another sheet of paper, fold an angle and label it {AOB.
Construct the bisector of X AOB.

9. Using another sheet of paper, find two ways to construct a right angle.
10. Construct a 45-degree angle. (Use another sheet of paper when needed.)
11. Construct a 30-degree angle.

12. Fold a triangle. Show the sum of the measures of the interior angles
of the triangle is 180 degrees. r You may find it easier to cut out
the triangle.

13. Construct a right triangle.

14, Construct a right, isosceles triangle.

15. Construct a right triangle where one leg is twice the measure of the
other leg.

16. Construct a 30-60-90 triangle

17. Trisect a line.

18. On a new sheet of paper, fold a large triangle of any type (equilateral,
isosceles, or scalene; acute, right, or obtuse). Label this triangle
AABC. Construct all of the following on this triangle:

Construct the three medians.
Construct the three altitudes.
Construct the three angle bisectors.
Construct the three, perpendicular side bisectors.
DISCUSS: circumcenter, incenter, orthocenter, and centroid.
RESEARCH: 9-point or Feuerbach circle and Euler's line.
19, Other constructions: diagonals of quadrilaterals, transversals,

vertical angles, and altitudes of quadrilaterals.



€ 2indiy Z 2.ny

\ d
\
1
Al
\
\
.
L3

@D eI Y)Y Aq
padaslq gy sull uaald oy Aq pawwioj djFue yySiens ayy st Ay "Surprs JoBuy
pue quingy y8u oy Yy Jrede spuey ayy Sugnd Aq asea1d ay} w0y “spuey
yi0q jo 18uy pue qunyi 3y yna Apysn 1ayiaSoy sauy ayy ploy ‘J[9s11 uo
1940 Pap[of st g aul] UBAIZ 3y} Jo judwdas ® B 05 1A0 J33YS Y} P[0

aul| yyBipays usalb b o} Jnjndjpuadiad euy v ‘g

"3A0qE
paquosep se aseard ayy puaixy “jurod ayy ySnoiyy sessed jeq) 9seAID II0yS
® wioj A[nja1e) 'apisino a3 uo juiod uIALT 3y} YIM I9A0 393YS Y} P[O]

jujod uaaB n yBnoay euj| yBipays v °Z

¢aul] IySrens e snoo[ sy} ] °() pue 4 woij jueisipmba
aJe yoIYM 399ys 3y} Jo sjurod [[B JO SNOO[ Iy} UIYJ ST PauLIOf ISEAID Y, "J9YS
ay1 jo uonyod Yora uo [enba surewal aseald ayy 03 () pue 4 syutod wouy oue)
-SIP 9Y) SNYJ, "SIJBJANS [)O] UO JUBISUOD
1dey aq pnoys aseard ayy Sunaqdwod ug
\ pasn uoisudy ayJ, "1iede spuey ayy Supnd
s uay) ‘spuey yioq jo Jaduy pue qunyl 3y}
\ : i Aysn asea1d 3y Suipjoy Aq papuay
X3 SI 3§BaID 3YJ, ") pue 4 Woij JUEISIP
/ -mbs sjutod je swioj aseard syl puey
1243j0 2y} Jo 133uy B pue quny) 3y} i
paseald s1 plo} ay) ‘puey auo jo 13uy e pue qunyy ay 4q ApySn 1ay3a803
Py sae syutod 353y a1y A\ ‘uoniod 1ayjo ay) jo O jutod Lue Yy JuIPIOUINd
P13y pue 120 papjoj st 1aded jo 399ys ay) jo uorjiod auo jo 4 jutod Kuy

| 24nEiy

aul] yyBipays » Buipjog L

'S newIyIew Juiuies] jo Aem mau e 10§ 335
[[e a1e am ‘yaded xem jo A[ddns e aaey nod j1 ‘mo[aq suondanp ayy Suimolo;
Aq pejensuowap aq ued sdiysuoneai pue saindy oujawoad jo Ljaues y

SU0I}ONIISuU0)) diseq a9y} pP|o{ 0] MOH

"ejosauul [y ‘sijodeauuty ‘looyog y
Lyis1aa1up) ‘suseq ‘g saliey) Aq umelp asam jdudsnuew SIY) 10§ SaINEY [\

‘ov61

‘SIaySIIqNg [BUONEBONDPF ISINOT ‘1S SO0 DI4oui035) ') LEALOY ‘SALY)
‘1v61 “0D Burysiqng uno)H

uadQ 9y, :08eINYD) ‘Fuipjo.f 42dDJ Us 5aSIVLIXT 1479 035) "VHYANAS ‘MO
‘6£61

“0) moourddry ‘g ‘[ :ewdppeyyd 4advg ypm ung "HAASO[ ‘ONIWTI
6F ‘LYT ‘vr-Tvi8y 6y LbTiby
494IDI L SODWIYIDFY Y[ ., A101B10QRT SOBWAYIRIY 2yl 10] SadlAa(],,

“IV) ‘HI[) pue TAHLY ‘@dNVG (IINVOAVIY ‘HdAFsof TIWA ‘¥aoudg

:Surppoj 1aded uo saduaiajey

‘s[eilaleW 9say) Juisn 10§ uon

-lojul pue uonesidsu; [euiSIo Ayl paysiwIng oym SaJBX D 1190y 01 Paj

-ur jsow st 19juUa ay], "aAoqe paurejdxs s)aafosd Jurpjoj-1aded ayy jo Au

paqudsep Ajsnoiaaid Ay oym 3soy) 03 JIpaid AT 0] SIYSIM IILIM Y]
2861 ‘ssa1g Ayisiaarup)

PIOJX() :UOPUOT] ‘§JoPOJy 10211 0way Iy d "V ‘113110 PUR "I\ "H ‘AANn"
Sy61 ‘sloul[[l Jo Ajisiaa

-lun) “Joyne ayy, :03edyD) ‘suospayljoqd fo susapng ‘D SAUIY ‘AATLAVY

:suonjednqnd Juimop

o1 ul punoj 3q (s eipaydjod jo Ajouea jeasd e Juipjoj 10] suianey

“Buiseasd pue Buipjoj £q A132woa8 ueapipny aueld jo suonannst

a1 (e wuojiad 03 a[qissod si 31 uayy ‘pardadoe aie suondwnsse asayl J)
“Joded ayi Buipjoj Aq 1ayjoue uodn pasodwuadns aq

uEd U0 UIYm IPUINd Ady) J1 [enba 3q 0) pres ik sajFUL puEB SaWI] e
'1994sS QWes Yl uo aull WYSIe1)s Jayjoue

uo pasodwuadns 9q ued aur yiens v jeq) os papjoj aq ued 1aded e



DLl 2indyy g1l 94nsiy

Vil 2314 01 ®n3yy

¢ajdue jySu e
ZX A 38ue ayy st Ayp\ "D 21n81 Suryew 2 4onoj o0} 1240 q Plo) Wy ‘g1l
21n3] Ul UMOYS SE 3[SUE INIB UB 18 UMOP Pud Juo P[O] "Mo[aq Y] N1 ul
Se Jydiens aq snw um jo (2 ¥ ¢) 28pa auo ‘xaded jo 20a1d Aue ayey,

a|Bup jyBja O jo uolPWIO) BYL °L|

"UOIPIOOOE UE JO 950U} O] JE[IWIS SP[O) Wi0j 03 Suiseald pue yjioj pue
1orq Surpjoj £q spioj [d[[eied pue [enbs [e12ass wiog *jesy uodn aur| 3y} Jo
yuawdas e Butploy Aq yySuap jiun ay se YISud| jusuIAUCY Aue ysiqeIsg

@) auj| » Buop szujod parnds L|pnba jo uounso| ayy ‘g|
6 @4ndiy g 2in3iy

¢saj3ue [enba om} ojut 2j8ue uaa1d
AU} IPIAIP PUE X1aA 3yl ySnoiy) ssed asea1d ay) saop AYA| APRUINd gHY
3[3ue udAIZ Y} JO DG PuUB Hp SIPIS [BUILI)} AY) 1eqy os Jaded ay) prog

a|6un uaAlb P jo Jopasiq ayl ‘6

Jaulf paxmnbar ayy apiaoad asean siyy soop
AYM "p[oj Is1y oy Aq pawito) (72 Isea1d Ay 03 tepnarpuadiad pue g jurod

4

waAld ay) ySnoiqy 437 dull B p[oy Aea le[ruis e uj S QNN U] SB gF dul]
waa1d ay3 03 teotpuadiad g juiod wamd ayy ySnony @ aull B ploj ISy

ouj| 4yBip4ys uaalb p o} |9)|pand pup jujod uaa|b b yBnoayy suy v *g

L 2andiy 9 24n3i4
a S 0 a 9
/.. __.. —_— ) _.._.
v S \ \
] - —V \ \
X5 \ \ @
N v
\y
(VY dul| udALS

ayy 03 pyreaed @ aseard Isel sy st AYA\ "y 0 Jenorpuadiad ® ploj IxaN
f JquinN ul se gp aull udAld ayy 03 gy Jemorpuadiad ayy ploj Isig

auy] jyBipays usaaB o o [9||piapnd suy y 4

‘g pue p woiy juejsip A[enba st jurod sy g1 sas
03 uonisodiadns £q 3sa, "10309s1q 1enotpuadiad a1 uo Jutod Aue e Jgy
Jo 10309s1q Jenorpuadiad agy (7D SBAID SIYY ST AYAY “JOYI0 YB3 uo pasodu
-13dns are gy aunl uaAld ayy jo syuod pud ayy jeyy os saded ayy plog

{uswbBas euj| uaalB b jo Jopresiq Jnjnipuadiad ay) ‘9

G 2andyy § 2andiy

[TA L7
L\ 3

*aA0q® ¢ Jaquinp] S SuIp[o) Jo POYIdL JWES I} SISN UOIIONIISUOD SIY T,

eul] ey} uo jou 4 juiod
uaAlb o yBnoayt Buissnd pun sulf uaalb p o4 ap|ndipuadiad auy v °§

gy 03 1emoipuadiad 4 ySnoxyy pjoj ay)
st Aqp\ “g 3utod uaatd oy ySnoayy ssed [ aseald agy [nun ‘Jiasit yim jusp
-putod auy 2yl 3uideay ‘daded ayjy aprys Buisearn 210j9q Inq p U0 g POg
*d utod uaald agy y3noayy sassed aseald ay) JBY) OS PUB JAOQE § 19q
-wnp ur se jsit uo pasodwiiadns st gy aul] uaald ayy os 1aded ayy prog

ouj| ey} uo jujod D o ouj| p o} Jojndjpuadied sy ‘¢



Bl vamdyy J[enba syi8uap oy ary
‘uonisodiadns Aq srepnorpuadiad asaygy jo
sqi8uay a3 asedwio)) ~a[8uenry ayy jo opIs
2R3 0} $1019951q J[3UB 0M] JO UO[IIISIAUL
jo jutod sy woiy temotpuadiad gy plog
¢PI[[e2 $1030351q 9[FuE OM]} JO UOI}IISIINUL
jo jutod oy st jeypy ¢jutod wowwod ® wi
123s19jul §10399s51q 3l o] ‘djduen) uaald
31 JOo 9[3uB yIed JO $10303s51q Y} P[og

2|6unlyy o jo siojdes
-1 8]Bup oy} jo uoydresiayul ayl ‘gl

Jaredwod a[duelny ayy jo
SIsE( ) PUR SID[II2A A} 0} sapnjij[e 3say}
jo uondesiajur jo jutod 3yl wWoj SIdUE}
-SIP 3} Op MO ¢p2[[e2 sapniljje om} jo
jutod uorpoasiajul ayy st jeypy Jiutod uow
-wod € ur 329s19jul L3y o(q ‘ajSuerny uaard
943 JO IpIS ded 03 sapmify[e ¥y Ppjog

8|Buniy » jo

sapnii}|p ay} jo uolIssiduy eyl *s1

{[enba H pue p sajdue
a1y 'qg S8uore 3uipjoj Aq uwonisodiadns
Aq s3[3ue aseq ayy airedwo) ‘Hgy oj8ueLy
S3[20S0SI UB WLI0] 0] 1039as1q Ie[ndipuadiad
9y} uo g jutod uowwod ® 0] aul| uIALS Ay}
JO spua a3 woly Hg pue gy saulf anbrqo
95831) "JF Iudwdaes aui| usald ® Jo g 10109s1q renarpuadiad ayy plog

o|Bubyyy ss|ersost ub jo sajBup asnq oyl ‘9|

851 24n3yy VS| indyy

ddd = dV = d) sl 9pulod s
aVy pue @) j! s 0} @ Y3noiy) IsSeIID I1IYIOUB PO ¢IPIOUIOd (g PuUB
ad M "@ ydnoamqy asea1d e Buipjoy Aq g pue ‘q¥ ‘gD 21edwo) (2)

#1 andy
%

DL 2ndyy
a

omd__

g€l undyy
a

o

VEL 24n3y4
[¢]

o

e sl

ZIL a3y

L4

"(gs1 2an3gy) D 01 @ juodpiw
Ay} woly Jul Ay plog ‘g uo y 3uipjo}
Aq gy osnumodAy oy esig (q)

“(vsT aandig) Ogy
a8uern) y3u Lue meip Jo pog (®)

o|6upiay jybBia 0 jo
asnuajodAy sy} jo jujodpiu ayj ‘g

Z9[BuEL1] 3y} JO BIIE AY] ST UIY]
1By ¢9[Suedal sy yia adedwod HFE
318uew} [eurdLio 3y} JO BAIE Y] SIOP MOL]
¢98ueidar a1 jo ®aIe Ay} st 1Y (¥l
aan3Ly) @g PMINIE a3 J[By-du0 pue HFY
ajdueln jo aseq ayl j[ey-auo o] [enba sapis
sey adeys 1endue)dal syl D¢ 1ndi] uf

9jBuniy} b jo maun By ‘p|

(g1 2m3ry) a3ue
ySrens ' dn aew H74g7+¥7
s20(] (@ pMIN[e Y} jo aseq Iyl 0]
pue p sa21112a a[Sue aseq ayy prog (2)

“(gegn
in31,])  spmnje Ayl jo aseq Ayl uodn
g 9[8ueLn) ayl Jo xauA 3y} pog (q)

“(ver aandLg) Ogy dduen
uaAld oy jo g Apnine 3yl piog (e)

@]Bup
-4} B jo sajBup a8y} jo wns ayl ‘gl

J[enba sajdue [ednaaA B1y ¢BpIOUIOD
0d pue Oy o "0 uo Og 3upe(d ‘0 X3
-194 3yl ySnouyy Buipjoj £q sajSue [ed1119A
ayl aredwo) 'O e Jundsidul (gH pue
gy seseard Bunpoasiajur om) Aue plog

sa|Bup |p3lgIaA “TL

Buipjoq 1aded Aq pajelisn|||
s3doouo)) o1}BWoa9)



OV 10 Y3ud] 9yl ya aredwod
A7 10 qi3ud] 9y} saop moy ‘¢ uodn H
PU® " pIog ¢OF 03 p[reted 477 ST ¢qd Jo
10309s1q tepnotpuadiad ayy g7 S[ ‘Paioasiq
jou S1 yorym Spis ayl 03 2pnin(e 343 plog
"4 syutod-prur 3sag) 43noay)y 9sea1d B pog
'Oy d3ueln) 8y} JOo SIpIS Oom) 3IIsIg

asng ayy jo yjbua) ayy
$Ipy-suo sipnba pun spnjyp ayy
sy29s51q 9|BuDly P JO XBJIOA pup
s asnq sy} uaamjaq Abpmpilw auj| y ‘9

g0 pue
@y 1o 1pnpoid 3y Aq punoj aq [ ®ale
UM (@Dg ?[8uewy 01 juweniduod Hgy
o[Bueln) S ¢1oWI0 Yoed 309s1q S[euoSerp
yl og ¢so[Bue Y1 B Jo9smuUl S[eUO
-3eip 3y} o ‘uomisodradns £q speuoSeip
a1 jo syjsud| pue sajSue aredwo) DGV
snquoy! uaald ® jo speuofeip ay plog

snquoyd o jo sjpuoBpip ay) °sg

¥Z Pandy

¢4H UEBpaw
3y} i uedwod gy pue G Jo wns ay)
SI0pP MOJ] “f UO g pu® J uo J p[og ¢saseq
34l 0} [dqeied uepaw Siy) S JSIpnIn[e
3y} 03 tenotpuadiad g7 uepaw Siy) ST
¢SIpPMIN[E 3y) 10381q JH UEIpIW SIY) s30(
A ISEAD B s sjutodprur asatf} 129uuod
pue apis [3jjereduou ydea 30381 ‘TIGY
prozade1y ayy jo s Ppue 7 9seq 13jioys
3yl Jo spuad yjoq e SIpmn[e IY} plog

plozadony p jo uppaw a8yl ‘pT
€7 vandyy
¢134310 Yoea 329s1q seuodeip
ayl o ¢[enbs weidopa[esed ® jo speuo
-8eip a3 a1y -uomisodsadns £q sjuawSas
pajoasiajut jo syidua| ayy siedwo)) ‘weid
-o[3[reted uaa1d e jo sjeuodeip ayy plog

woiboja|pind o jo sjpuoBoip eyl ‘gZ

¢z2 = 3 4 oy 1y 2a01d nok ued Mol “J¥
= fd = X9 = HT 1®ql 90N 'qogV srenbs uaad ayj jo sapis a3 03 len

9

7z 2undy -o1puadiad sploy Aq Jyd PU ‘7H ‘MH ‘1D
piod “H pue o je sajSue jySu Surunoj £q
AT HO 2:enbs ayy spdwo) ‘o 8seald
Aue ayel "@Ogy @ienbs uaald e asp)

9|6unjay
yBa o jo sBa] Jayjo omy} ayy uo
sainnbs ayy jo wns ayy o} |pnba
s1 asnuajodAy ayy uo aionbs ay) 'z

Jueidopa|eaed
1Z 24n3yy B JO ®B3lE 3y} I0] E[NULIO) 3y} SI Iy
% é40aqy weidopqeied oy [enba ggoHg
Jjdueoar sy guaniSuod go4g PU®R FAV
sajdueuy a1y '3[8ueldal ® SI FgOH(G ‘Yorq
paplo} st F(T ¥ 9j8uew) uaypy "weidopa[eied
e Sl 4OV “{orq Pap[oj st gD d[duen)
uYM ‘@ ¥ 03 [P[[ered 4D plod "F @ apMn[E
ay) prog ‘sapis [a|(eied ay) o3 aemnaipuad
-1ad g apis auo yum prozaden e In)

-~
—— o W

o
o

woibojapind p jo paup oyl *|T

0z 2indiy 61 2in3y

N

b

T
N

wf

dpafres uod
SIy} SI JBYAY 'SUBIPIW OM] Jo worjdasiajur ayy e wid e uo 31 Sued 4q aSue
-11} 2y Supueleq A1 ¢asedwod a[Fuelrn) ayl Jo xajIaA YoE3 O} SUBIPIW Om]
Jo uonasIaul jo juied Y} Wolj SIIUEISIP Y} OP MOY ¢PI[[BD UOIIIASIAUL
jo jurod uowwod SIY} ST JBYAY 'X31a dysoddo ayy o3 apis yoes jo jurod
-plur 3y} woij asea1d ay} pog -d[duein usAld Iy} Jo SIPIS 1Y) 2y} 098I

9|Bupy B jo SUDIpPaW By} Jo uolIAsIBjUl AYL ‘0T

J1enba sqifuap asayy a1y “uonisodiadns
£q sqi8ugp asayy aredwo) 'aSuetn ayl jo x919a yowa 0} jutod siy) wotj
SISBAID PO ¢PI[BD Saul[ 353y} Jo uordasAul jo juiod woOWWod Y3 St IBYAY
-a18uewy aynoe u2alf 3y} Jo IpIS Yoea Jo s10323s1q Jenarpuadiad oYy piog

a|Buniyy 0 jo
sapIs 9y} jo siopdesiq Jpjnajpuadiad 8y jo uondIsiagul Yyl 61



Extension

Activity: Concurrency Theorems

Materials Needed: Wax paper or scrap paper, straightedge, compass, pencil.

Directions:

1. Using a large sheet of paper, draw a large acute, scalene triangle.
Label the vertices A, B and C.

2 Locate the midpoint of each side by folding. Label the midpoints 1, 2,
and 3.

3. Fold all three altitudes. To fold the altitude from vertex C, you need
to fold the paper so that side AB is superimposed on itself and the
crease passes through vertex C. Fold the altitudes from vertex A and B.
Label the point where these altitudes meet the sides of the triangle 4, 5
and 6. Label the point of intersection of the altitudes O.

4. Locate the midpoint of 0OA, OB and OC by folding. Label these points 7,
8 and 9.

5. Using your compass, try to draw a circle through all nine points

(1,2,3,...,9). Determining the center of the circle and the radius is
your challenge!

The circle you have found is called the Nine-Point Circle, or Feuerbach

Circle.

Additional Questions:

1.

2.

What would happen if you started with an equilateral triangle?

Vhat would happen if you started with an obtuse triangle? (Hint - think
about the altitudes and point 0.)

WVhat is the definition of the following words?

a. Circumcenter
b. Incenter
c Centroid
d. Orthocenter

What is the Euler Line? (You will need to visit the library.)
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Additional Information

Activity: Concurrency Theorems

Definitions:

The point of concurrency of the perpendicular bisectors of a triangle is
called the circumcenter. The circumcenter is equidistant from the
vertices of the triangle and is the center of the circumscribed circle.

The point of concurrency of the angle bisectors of a triangle is called
the incenter. The incenter is equidistant from the sides of the triangle
and is the center of the inscribed circle.

The point of concurrency of the medians of a triangle is called the
centroid. The centroid is two thirds the way from each vertex to the
midpoint of the opposite side. The centroid is also called the center of

gravity.

The point of concurrency of the altitudes (or the lines containing the
altitudes) of a triangle is called the orthocenter. In an obtuse
triangle, the orthocenter will lie in the exterior of the triangle.

The orthocenter - 0, centroid - G and circumcenter - ¢ of a triangle are
collinear. This line is referred to as Euler’s Line. The endpoints are
0 and C and |0G| = 2|GC| (i.e. the centroid is two thirds the vay from
the orthocenter to the circumcenter).
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Additional Information

Activity: Concurrency Theorems

Additional Notes

1.

The center of the Nine-Point Circle lies on the Euler Line, halfway
between the orthocenter and circumcenter of the triangle. The radius of
this cirecle is half the radius of the circumscribed circle.

The Nine-Point Circle, Euler or Feuerbach make excellent topics for a
project, research paper or oral presentation.

Resources:

a. Paper Folding for the Mathematics Class. Donovan Johnson, NCTM,
1972.

b. Geometry. Isidore Dressler, Amsco School Publications, 1973.
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